Abstract. Under open and dense conditions we show that Arnold diffusion orbits exist in a priori unstable and time-periodic Hamiltonian systems with two degrees of freedom.
1, Introduction and Results
By the KAM (Kolmogorov, Arnold and Moser) theory we know that there are many invariant tori in nearly integrable Hamiltonian systems with arbitrary n degrees of freedom. These tori are of n dimension and occupy a nearly full Lebesgue measure set in the phase space. As an important consequence, all orbits are stable in autonomous system with two degrees of freedom, or time-periodic system with one degree of freedom, in the sense that the actions do not change much along the orbits. However, the KAM theory does not guarantee such stability when the system has three or more degrees of freedom for the autonomous case or when it has two or more degrees of freedom for the time-periodic case, simply because the KAM torus can not separate the phase space (or integral manifold) into two disconnected parts.
In his celebrated paper [Ar] , Arnold constructed an example of nearly integrable Hamiltonian system, where some orbits are unstable. His example is a time periodic system with two degrees of freedom. In Arnold's example the perturbations are chosen so specifically that all hyperbolic invariant tori preserve in the perturbed system. Hence one can use so called Melnikov method to construct transition chain along which the action has substantial variation. However, in generic case the perturbed systems do not possess such a good property, some resonant gaps between invariant tori break up the transition chain, thus it seems unclear whether one can apply Arnold's method to find diffusion orbits. Despite of this technical difficulty, Arnold asked whether there is such a phenomenon for a "typical" small perturbation. After near four decades of study some remarkable generalizations of Arnold's result have been announced ([X1] , [DLS1] , [Ma5] ). A few years ago, Xia [X1] announced that Arnol'd diffusion exists in generic a priori unstable systems, recently Mather announced ( [Ma5] ) that, under so-called cusp residual condition, Arnold diffusion exists in a priori stable systems with two degrees of freedom in time-periodic case, or with three degrees of freedom in autonomous case. They claim that diffusion orbits can be constructed by variational method. Using geometrical method, some demonstration was provided in [DLS2] to show that diffusion orbits exist in some types of a priori unstable and time-periodic Hamiltonian systems with two degrees of freedom.
In this paper, we study generic perturbations of a priori unstable Hamiltonian systems which have two degrees of freedom and are time-periodic, and give a complete proof of the existence of diffusion orbits by using variational method. The approach of our proof is different from the approaches proposed by Mather and by Xia (cf. [Ma5] and [X2] ). The starting point of our proof is based on the previous work of Mather ([Ma3] , [Ma4] ). With his profound insight, Mather opened a way to study Hamiltonian dynamics in higher dimensions. In [Ma3] Mather established the variational set-up of time-dependent positive definite Lagrangian systems and showed the existence of minimal measures. By exploiting the properties of barrier functions in [Ma4] , he introduced the idea of C-equivalence and pointed out a possible way to construct connecting orbits. The difficulty to apply this method to interesting problem in higher dimensions is that we do not know the structures of related c-minimal orbit sets. In this paper we have succeeded in getting sufficient information about the topological structure of the relevant Mañé sets and in providing the proof of a theorem of connecting C-equivalent Mañé sets formulated by Mather in [Ma4] . Consequently, we are able to construct the diffusion orbits crossing the gaps. However, it appears unclear whether such C-equivalence can be established at the place where uncountably many whiskered tori cluster together. Fortunately, this is the place where there is no big gap. Arnold's mechanism can be used here because a transition chain of whisker tori clearly exists in this case. Crucially relying on such geometric structure, we are able to establish local variational principle (cf. [Bs] , [BCV] ), the local minimum corresponds to some diffusion orbits crossing these whisker tori. It is the variational version of Arnold's mechanism. Another step in our proof is to show that we can join the orbits constructed by C-equivalence smoothly with the orbits which realize the minimum of the local variational principle. In this way we do find some diffusion orbits in generic systems.
Given a Hamiltonian function H(p, q, t) the Hamiltonian equation has the form:
The Hamiltonian function studied here has the following form:
H(p, q, t) = f (p 1 ) + g(p 2 , q 2 ) + P (p, q, t) (1.2)
where p = (p 1 , p 2 ) ∈ R
2
, q = (q 1 , q 2 ) ∈ T
, H ∈ C r (r ≥ 3), P is a time-1-periodic small perturbation. We assume it satisfies following conditions: 1, f + g is a convex function in p i.e. the Hessian matrix ∂ pp (f + g) is positive definite, finite everywhere and has superlinear growth in p, (f + g)/ p → ∞ as p → ∞; We shall use variational argument to complete the proof. In the section 2, by using Legender transformation we follow Mather's work [Ma4] and put this problem into the Lagrangian formalism. The diffusion orbits are found by searching for the minimal action of the Lagrangian. Some properties such as upper semi-continuity of some set-valued functions are also proved in this section. In the section 3, we investigate the topological structure of some relevant Mañé sets. The section 4 is devoted to the study of the barrier function when the Aubry set contains a codimension one torus. In the section 5, by making use of the semi-continuity property shown in the section 2 we obtain the proof of a theorem of connecting C-equivalent Mañé sets, formulated by Mather in [Ma4] . Based on the understanding of the topological structure of the relevant Mañé sets shown in the section 3, we establish the Cequivalence among those relevant Mañé sets and use this C-equivalence to construct the diffusion orbits crossing resonant gaps. In virtue of the techniques developed in [BCV] and the analytic expression of the barrier function obtained in the section 4 we join the orbits constructed by C-equivalence smoothly with the orbits constructed via transition chain. Thus we obtain the diffusion orbits. In the section 6 we show the open and dense property.
we shall study the Lagrangian equation equivalent to the Hamiltonian equation (1. Hereq =q (p, q, t) is implicitly determined byq = ∂H ∂p . Since we study a nearly integrable system, the Lagrangian has the form of
where L 0 corresponds to f + g through the Legendre transformation.
Throughout this paper, we use φ Clearly, the equation (2.1) corresponds to the critical point of the functional
A(γ) = L(γ,γ, t)dt.
We can think that L is a function defined on T M × T where M = T 2 . As f + g is an integrable system and H is its small perturbation, every solution of H is well defined for t ∈ R. By the assumptions on H, we see that L satisfies the following conditions introduced by Mather [Ma3] :
Positive definiteness. For every (q, t) ∈ M × T, the Lagrangian function is strictly convex in velocity: the Hessian Lqq is positive definite.
Superlinear growth. We suppose that L has fiber-wise superlinear growth: for every (q, t) ∈ M × T, we have L/ q → ∞ as q → ∞.
Completeness. All solutions of the Lagrange equations are well defined for all t ∈ R.
Under these conditions Mather established the theory of c-minimal measure and cminimal orbits [Ma3, Ma4] . To introduce some basic results of Mather, let us observe the fact that the functional Ldt has the same critical point as (L − η c )dt does if η c is a closed 1-form on M × T, whose first de Rham co-homology class is c, i.e. As we have the condition of completeness the minimizer must be a C 1 -curve by Tonelli's theorem. Without the completeness the minimizer can fail to be ( [BM] ). If J is a non compact interval, the curve γ ∈ C 1 (J, M ) is said a c-minimizer if γ| I is cminimal for any compact interval I ⊂ J. An orbit X(t) of φ t is called c-minimizing if the curve π • X is c-minimizing, where the operator π is the standard projection from tangent bundle to the underlying manifold along the fibers; a point (z,
We shall drop the subscript L when it is clear which Lagrangian is under consideration. It is not necessary to assume the periodicity of L in t for the definition ofG. When it is periodic in t,
We can extend the definition of action along a C 1 -curve to the action on a probability measure. Let M be the set of Borel probability measures on T M × T. For each ν ∈ M, the action A c (ν) is defined as the following:
We have defined the setsM(c) andG(c). It is easy to see thatM(c) is contained in the setG(c). Between the setG and setM we can also define so-called Aubry set A(c) and Mañé setÑ (c) as well as the limit point setL(c).
As all orbits are well defined on the whole R, they have ω-limit sets and α-limit sets. Letω(c) be the union of ω-limit points of c-minimal orbits X(t) : [0, ∞) → T M × T, letα(c) be the union of α-limit points of c-minimal orbits X(t) : (−∞, 0] → T M × T. We callL(c) =ω(c) ∪α(c) the limit set.
To define the Aubry set and the Mañé set let us define
(2.5)
h c (x, x , t, t ) .
and let
γ is static (semi-static). We call the Mañé setÑ (c) the union of global c-semi-static orbits, the setÃ(c) is defined as the union of global c-static orbits, we call it Aubry set.
We use M(c), L(c), A(c), N (c) and G(c) to denote the standard projection of
(2.9)
The setG(c) andÑ (c) have the good property of upper semi-continuity in c. Restricted on A(c), the map π
: A(c) →Ã(c) is Lipschitz. We useÑ s (c) =Ñ (c)| t=s to denote the time section, and so on.
When necessary, we use the symbolsG
to denote the minimal orbit set, Mañé sets, Aubry set and Mather set determined by some Lagrangian L respectively, omitting the subscript L when the Lagrangian is clearly defined.
To describe these minimal orbit sets, Mather introduced two kinds of barrier functions B c and B * c , it is defined as follows
(2.10)
The following lemma is a modified version of the proposition 2.1 in [Be] . 
continuous. As an immediate consequence,G(c) is a non-empty compact set in T M × T and the map c →G(c) is upper semi-continuous if L is periodic in t.
We can consider t is defined on (T∨[0, 1]∨T)/ ∼, where ∼ is defined by identifying {0} ∈ [0, 1] with some point on one circle, and identifying {1} ∈ [0, 1] with some point on another circle. Let
Proof: Since M is connected and compact, any two point x 1 x 2 ∈ M can be connected by a geodesic. Let (x 1 , x 2 ) be the length of the shortest geodesic connecting these two points, there is an upper bound K 1 > 0 of (x 1 , x 2 ) uniformly for all
L(q, ζ, t).
Given time interval [a, b] with b−a ≥ 1, if we reparemetrize the shortest geodesic γ(s)
Clearly, the action of L along this curve is not bigger than K(b − a). Obviously, there is an upper bound uniformly for all minimizing action of L if they
Since the super-linear growth is assumed, there are two constant C and D such that L (q,q, t)
if γ is a minimizer. As (2.11) holds for any b − a ≥ 1, it implies that there must be some
By the argument above, we see there exists some
(2.12)
As all γ i is a C 
We let
By diagonal extraction argument we can find a subsequence of γ i which converges C 1 uniformly on each compact set to a C 
Since the c-minimal orbits are independent of the choice of η i , applying the argument above we obtain the upper semi-continuity c →G(c).
In the application, the setG(c) seems too big to be used for the construction of connecting orbits in interesting problems. Mañé sets seem good candidates. In the time-periodic case, Mañé set can be a proper subset ofG(c),Ñ (c) G (c). It is closely related to the problem whether the Lax-Oleinik semi-group converges or not, some example can be found in [FM] . To establish the connection between two Mañé sets we consider a modified Lagrangian
where η is a closed 1-form on M such that [η] = c, µ is a 1-form depending on t in the way that the restriction of µ on {t ≤ 0} is 0, the restriction on {t ≥ 1} is a closed
Thus its limit infimum is bounded
(2.14)
Let {T i 0 } i∈Z + and {T i 1 } i∈Z + be the sequence of positive integers such that T i j → ∞ (j = 0, 1) as i → ∞ and the following limit exists
From the proof of the lemma 2.2 we can see that for any compact interval [a, b] there is some I ∈ Z + such that the set
Proof: To show that let us suppose the contrary, for instance, (2.15b) does not hold. 
By taking a further subsequence we can assume γ i k → γ. In this case, we can choose sufficiently large k such that γ i k (s) and γ i k (τ ) are so close to γ(s) and γ(τ ) respectively that we can construct a curve
then we obtain from (2.18) and (2.19) that
1 , guaranteed by (2.17). (2.15a) and (2.15c) can be proved in the same way.
We defineÑ
This definition is similar to the definition of a Mañé set, but L is replaced by L η,µ . 
in the case τ < 0; or there would a curve γ *
in the case s ≥ 1, or when s ≤ 0 and τ ≥ 1 there would be a curve γ *
where s + n 1 ≤ 0, τ + n 2 ≥ 1. Since γ is an accumulation point of γ i , for any small > 0, there would be sufficiently large i such that γ
Let us consider the case that µ = 0. In this case, L − η is periodic in t. If some orbit γ ∈Ñ η,0 : R → M is not semi-static, then there exist s < τ ∈ R, n ∈ Z, ∆ > 0 and a curve γ *
Since L − η is periodic in t, we would have
but this contradicts to (2.15c).
The upper semi-continuity of c →Ñ (c) will be fully exploited to build the Cequivalence among someÑ (c), the construction of diffusion orbits in this paper depends crucially on this property. Towards that, we shall also make use of the Lipschitz property of the Aubry sets. Let π: T M × T → M × T be the projection along the fibers. Mather discovered the following (cf. [Ma3, 4] ):
The concept of of regular Lagrangian is useful for us in this paper. L is said to be c-regular if the following limit exists for all (x, x , s, s ) 
For the completeness sake, we shall present his proof in the appendix. Applying this lemma to the area-preserving twist map we have the following: Corollary 2.7. Let ω ∈ R\Q be the rotation number and c = β (ω), then L c is regular andG(c) =Ã(c).
3, Structure of some c-minimal orbit sets
Our construction of connecting orbits between different c-minimal orbit sets exploit fully the upper-semi continuity of the set-valued function c →Ñ (c), and the structure of the relevant Mañé sets.
Let us consider the Hamiltonian flow Φ t which is a small perturbation of Φ t f +g . Let Φ and Φ f +g be their time-1-maps. As the cylinder T × R × {(q 2 , p 2 ) = (0, 0)} = Σ 0 is the normally hyperbolic invariant manifold for Φ f +g and the a priori unstable condition is assumed, it follows from the fundamental theorem of normally hyperbolic invariant manifold (cf. [HPS] ) that there is = (A, B) > 0 such that if P C r ≤ on the region {|p| ≤ max(|A|, |B|) + 1} the map Φ
, provided that r ≥ 2. This manifold is a small deformation of the manifold Σ 0 | {|p 1 |≤max(|A|,|B|)+1} , and is also normally hyperbolic and time-1-periodic. Let Σ = Σ(0), it can be considered as the image of a map ψ:
Since the second de Rham co-homology group of Σ 0 is trivial, by using Moser's argument on the isotopy of symplectic forms [Mo] , we find that there exists a diffeo-
Since Σ is invariant for Φ and Φ * ω = ω, we have
• Φ • (ψ • ψ 1 ) preserves the standard area. Clearly, it is exact and twist since it is a small perturbation of Φ f . In this sense, we say that the restriction of Φ on Σ is obviously area-preserving and twist. If r > 4 there are many invariant homotopically non-trivial curves, including many KAM curves. As it still remains open whether the invariant curves of irrational rotation number must be differentiable, we can only assume all these curves are Lipschitz. Given ρ ∈ R there is an Aubry-Mather set with rotation number ρ, which is either an invariant circle, or a Denjoy set if ρ ∈ R\Q, or periodic orbits if ρ ∈ Q. Under the generic condition we can assume there is no homotopically non-trivial invariant curves with rational rotation number for Φ| Σ , and there is only one minimal periodic orbit on Σ for each rational rotation number. 
. We claim that each of these sets corresponds to an interval or a rectangle in H 1 (M, R), in other words, for all c in this interval (rectangle), the time-1-section of the support of the c-minimal measure is exactly this Aubry-Mather set.
Towards that goal, we introduce the coordinate transformation (p 1 , q 2 , p 2 , q 2 ) → (p 1 , q 2 , p 2 + ζ(q 2 ), q 2 ) where ζ is defined in the way such that
and let g (p 2 , q 2 ) = g(p 2 + ζ(q 2 ), q 2 ). By the assumption on g we now have
To simplify the notation we still use g to denote the function g . Let L 0 be the Lagrangian obtained from f + g by Legendre transformation, it has the form
where 1 and 2 are the Legendre transformation of f and g respectively. As g is a convex function in p 2 ,q 2 =q 2 (p 2 , q 2 ) = ∂ p 2 g(p 2 , q 2 ), we find from (3.2) and the convexity of g thatq 2 (0, q 2 ) = 0 and ∂q 2 /∂p 2 > 0, thus 2 can be written in the form
where V (q 2 ) = −g(0, q 2 ), U ≥ 0 is a convex function inq 2 with super-linear growth, attains its minimum atq 2 = 0 (∀q 2 ∈ T). By the assumption, V has a global minimum at q 2 = 0 which is non-degenerate.
an invariant circle on Σ with irrational rotation number ρ is the support of a unique minimal measure µ (ρ,0) whose rotation vector is (ρ, 0). There exist c 1 ∈ R and −∞ < c
since the β function of the twist map has corner at rational numbers. β is differentiable at some rational number p/q if and only if there exists a homotopically non-trivial invariant curve of rotation number p/q, consists entirely of periodic orbits of period q ( [Ba] , [Ma2] ). From the property that both α and β functions are finite everywhere and has superlinear growth we find that −∞ < c 
Proof: Note the Lagrange flow of L 0 is integrable and is decoupled between two phase sub-space (q 1 ,q 1 ) and (q 2 ,q 2 ). The second component of the flow φ 
Let c
It is obvious that for each c ∈ R × (−c
is a sufficiently large number. Sincẽ G(c) is invariant, by the normal hyperbolicity of the invariant cylinder,L ⊂Σ.
Although the structure of minimal measures is unclear in general case, we know very well the structures of thoseM(c) ⊂Σ since the time-1-map Φ is an areapreserving twist map when it is restricted to Σ. Under the projection from T M × T to T M × {t = 0}, the support of those c-minimal measures are the image of those Anbry-Mather sets under the Legendre transformation L, they are homotopically non-trivial invariant curves, Denjoy sets or minimal periodic orbits on Σ. We use Γ to denote those Aubry-Mather sets on Σ in the Hamitonian formalism, let
Before going onto the study of some c-minimal measures, let us note a fact as follows:
Proof. By the definition of the α function we find that
In the same way we find that α(c * ) ≤ α(c ).
If there is an invariant curve containing Γ we have furtherM(c) =Γ for all c ∈ I.
Proof: Letμ be ac-minimal measure. We have shown in the lemma 3.1 that the support ofμ must be contained inΣ. Note the time-1-map is an area-preserving twist map when it is restricted on the cylinder, supp(μ)| t=0 is exactly an Aubry-Mather set. When the rotation number is irrational, it follows from the theory for twist map thatμ is uniquely ergodic; if the rotation number is rational, we have assumed that there is only one minimal periodic orbit. Thus, the minimal measure of consideration here is always uniquely ergodic, i.e. supp(μ) =Γ. Let φ
as T → ∞. Since ηdµ is independent of T , ηdµ = 0. Therefore, it follows from the proposition 3.2 that α(c) = α(ĉ) if bothc-andĉ-minimal measures are onΣ with c −ĉ = (0, c 2 ). As the β function for a twist map is strictly convex,M(c) =M(ĉ).
As the α function is convex and has super-linear growth, I is connected and −∞ < a < 0 < b < ∞. What remains to show is that I is closed. If not, there was a sequence
µΓ is the invariant measure onΓ. Let k be sufficiently large so that c k is sufficiently close to c, then
On the other hand, it follows from c−c
, but it contradicts to the fact that µΓ is c k -minimal measure.
If there is another measure µ which can also minimize the c-action of L when
thus we can choose c 2 in the way that (c 2 − c 2 ) dq 2 , µ > 0 if dq 2 , µ = 0. But this contradicts to the minimality of µ Γ . Consequently, we always have 
So, if µ is also a c-minimal measure and c = (c 1 , 0), then
it implies that the only minimal measure is µΓ.
It follows from the lemma 3.3 that there is a strip Proof. Let us consider a c-minimal orbit dγ with c ∈ intI(c 1 ) (c ∈ I(c 1 ) if Γ is an invariant curve). If this orbit is not contained inM(c) =Γ, then dγ is semiasymptotic toΓ as t → ±∞. We say an orbit is semi-asymptotic to an invariant set Γ as t → ∞ if every invariant subset of its ω-limit set that is minimal in Birkhoff sense is contained in Γ. We use the argument in [Bo] to show it. Let N is a minimal (in Birkhoff sense) invariant subset of the ω-limit set of dγ, there exists a sequence
If not, there exist d > 0, T > 0 and a subsequence t j of the sequence t k such that dist(dγ(t), N ) ≥ d for every j and some s j ∈ [t j , t j + T ]. As γ(t) is a c-minimal curve, dγ lies in a bounded region of T M × T, the closure of the orbit is compact. Thus, for some subsequence t i of the sequence t j , the sequence dγ(t i ) and dγ(s i ) are convergent to some points x ∈ N and y ∈ T M × T respectively, where dist(y, N ) ≥ d. Consequently, φ t 0 (x) = y for some 0 < t 0 ≤ T . This contradicts to the invariance of N to the Euler-Lagrange flow.
Let µ n be the probability measure evenly distributed along dγ[t k , t k + T k ], µ be an accumulation point of {µ n }. As dγ is a c-minimal orbit of the Lagrange system µ is a c-minimal measure, i.e. µ = µΓ. From (3.4) we see dist(N,Γ) = 0. AsΓ has dense orbit, N =Γ, i.e. the ω-limit set of dγ has only one minimal invariant subset Γ (in Birkhoff sense). In the same way we can show that the α-limit set of dγ has only one minimal invariant subsetΓ also.
Let c ∈ intI and dγ ∈Ñ (c).
(3.5)
In fact, for any ξ ∈ π(Γ) there exist two sequences
If (3.5) does not hold, by choosing a subsequence again (we use the same symbol) we would have
In this case, let us consider the barrier function B * c where c = (c 1 , c 2 ). Since c − c = (0, c 2 − c 2 ), we obtain from the proposition 3.2 that α(c ) = α(c), so
as we can choose c 2 > c 2 or c 2 < c 2 accordingly. But this is absurd since barrier function is non-negative. Now let us derive from (3.5) that there is no c-semi-static orbit that is not contained inΣ. In fact, we find that dγ ∈Ñ ((c 1 , 0) ). To see that, we obtain from (3.5) that the term c 2γ2 has no contribution to the action along the curve γ| [ 
and
The second condition (3.10) follows from the facts thatÑ ((c 1 , 0)) ⊂Σ and that
It follows from (3.5∼8) that
but this contradicts to the property that dγ ∈Ñ (c).
Finally, let us consider the case when c ∈ ∂I and there is an invariant circle containing Γ. In this case, we obtain from the lemma 3.3 that µΓ is the only minimal measure still. According to the upper semi-continuity of the set-valued function c →Ñ (c) thatÑ (c ) should be in a small neighborhood ofÑ (c) if c is close to c. It implies thatÑ (c) should contain some orbits outside ofΣ. If this is not true, N (c ) would be in a small neighborhood ofΣ for some c = (c 1 , c 2 ) with c 2 < a(c 1 ) or c 2 > b(c 1 ). As we have normally hyperbolic structure in the neighborhood ofΣ, any invariant set should be onΣ, consequently, we would haveM(c ) =Γ as the map induced by the Euler-Lagrange flow on this manifold corresponds to a twist area-preserving map on Σ. But this contradicts to the definition of I(c 1 ).
At the beginning of the proof we have shown that any c-minimal orbits must be semi-asymptotic to the support of the minimal measure if it is uniquely ergodic. What remain to show is such orbit is homoclinic to the invariant circle in this case. As Γ is contained in an invariant circle, denoted by Γ * , the Aubry set contains a codimension
is irrational, and because the necessary and sufficient condition for the existence of invariant circle is the Peierl's barrier function is identically equal to zero. Due to the Lipschitz property of the Aubry set, any c-minimal curve can not cross
As dγ is semi-asymptotic toΓ, dγ enters the small neighborhood ofΣ. If dγ does not fall either on the stable manifold or on the unstable manifold, then it will go outside of the neighborhood again. It implies that dγ is a multi-bump solution of the Lagrange equation. As we did in the proof of the lemma 3.1, we can construct a curve ζ by cutting off all other bumps and leave only one bump. In this case the c-action of ζ is smaller than that of γ, but this is absurd. Thus,
To each orbit dγ homoclinic toΓ we can associate an element
We can see from this lemma that the necessary condition for a homoclinic orbit {dγ} ⊂Ñ (c) is [γ] = ±1. In general, the time-1-section N 0 (c)\π(L(Γ)) is homotopically trivial. By definition we mean that there exists an
where i is the standard inclusion map, ζ = (ζ 1 , 0) : 
Proof. By assumption, we can chooseŨ = ∪
∈Ũ 0 and there is a uniform upper bound K ∈ Z + for all these k(z). If this is not true, for any
Let ν k be a probability measure distributed evenly on φ t (z) (0 ≤ t ≤ k) and let k → ∞, we find there is an accumulation point ν, supp(ν) ⊂Ũ 0 . Obviously, ν ∈M(c). As there is normally hyperbolic structure oñ Σ, the invariant set inŨ 0 must be onΣ, it follows thatM(c) ⊂Σ, but it contradicts the definition of I(c 1 ).
By the upper semi-continuity of c →Ñ (c) and the assumption on the intersection of the stable and unstable manifolds we see thatÑ 0 (c )\Ũ 0 can be covered by finite mutually disjoint open sets, each of them is homotopic to a point. As each point iñ U 0 shall go outside under the time-1-map φ 1 , the wholeÑ 0 (c ) can be covered by finite mutually disjoint, homotopically trivial open sets. BecauseM(c ) is assumed uniquely ergodic we obtain from the lemma 2.5 thatÑ (c ) =Ã(c ). The Lipschitz property of A(c ) guarantees that N 0 (c ) = A 0 (c ) is also homotopically trivial.
4, Some Barrier functions
In this section we consider a co-homology class c = (c 1 , b(c 1 )) such that A(c) contains a 2-torus in T 2 × T, i.e. its time-1-sections has an invariant circle on the cylinder, and study the relevant barrier functions introduced in [Ma4] . The study for c = (c 1 , a(c 1 )) is the same. According to our assumptions, the rotation number of this circle is irrational. To go further with our proof, let us turn back to the Hamiltonian formalism temporarily to look at something.
Let Φ H = Φ 1 H be the time-1-map of the Hamiltonian flow Φ t H . It has an invariant cylinder Σ. Restricted to the cylinder Σ this map is clearly twist and area-preserving, thus the invariant circle Γ is Lipschitz. When P = 0, we have the cylinder T × R × {q 2 = p 2 = 0} as the normally hyperbolic manifold for Φ f +g . Each orbit on this manifold lies in an invariant circle and has zero Lyapunov exponent only. Both the stable and unstable manifolds have two branches. Each of them has an invariant fibration {q 1 = p 1 = constant, p 2 =G ± (q 2 )} if we use {q 2 ,G ± (q 2 )} to denote the homoclinic loops of Φ g in the space of (q 2 , p 2 ). Under a small perturbation, the invariant circle on Σ is the graph of a small function, i.e. Γ = {q 1 ∈ T, p = p Γ (q 1 ), q 2 = q 2Γ (q 1 )}. From the theory of normally hyperbolic manifolds we know that the fibration has C r−2 -smoothness on the base points. As Γ is an invariant circle, all stable (unstable) fibers with base points on Γ constitute the local stable (unstable) manifold W b(c 1 ) ). In the covering space T (T × R), one lift of a unstable manifold originates from {p = p Γ (q 1 ), q 2 = q 2Γ (q 1 )} and extends to right, one lift of stable manifold originates from {p = p Γ (q 1 ), q 2 = q 2Γ (q 1 )+2π} and extends to left. When P = 0, these two manifolds coincide with each other and are graphs above 0 ≤ q 2 ≤ 2π. Thus, for suitably small a > 0, there exists > 0 such that if P ≤ the unstable manifold is a graph above the region {q 2Γ (q 1 ) ≤ q 2 ≤ 2π − a} and the stable manifold keeps horizontal in the region {a ≤ q 2 ≤ q 2Γ (q 1 ) + 2π}, i.e. they are the graphs of some functions in the relevant regions,
Although each stable (unstable) fiber has C r−2 -smoothness, the base points of these fibers fall on a circle for which we can only assume Lipschitz smoothness, these manifolds are at least Lipschitz, i.e. p s,u (q) in (4.1) are at least Lipschitz. We choose suitably small a > 0 such that the time for any dγ 2 to cross the strip {a ≤ q 2 ≤ 2π−a} is longer than 1. Such assumption is feasible as Φ t H is a small perturbation of Φ t f +g for which this assumption is clearly true.
If there is another invariant circle Γ 1 very close to Γ, by the smoothness of the invariant fibration we see that W s,u H (Γ 1 ) are also graphs above the relevant region. Let Γ(A) be the highest circle on Σ where p 1 ≤ A, let Γ(B) be the lowest circle where p 1 ≥ B. As all invariant circles on Σ make up a closed set, it is reasonable to assert that we have some > 0 such that if P ≤ , the stable and unstable manifolds of all Γ between Γ(A) and Γ(B) can keep horizontal in the region {a ≤ q 2 ≤ q 2Γ (q 1 ) + 2π} and {q 2Γ (q 1 ) ≤ q 2 ≤ 2π − a} respectively.
As the Hamiltonian system under study has standard symplectic structure, each horizontal Lagrangian sub-manifold is a graph of some closed 1-form defined on M .
We know that the stable (unstable) manifold of some smooth isotropic manifold is a Lagrangian manifold, therefore, if we use (q, p(q) 
Proof: Let us consider the case of a stable manifold. By the condition that W
Let γ be a closed curve which is the boundary of some topological disk σ on W s . Since γ is on the stable manifold, Φ k H (γ) approaches uniformly to Γ, it implies that Φ k H (γ) is such a closed curve going from a point to another point and returning back along almost the same path when k is sufficiently large. As Φ H is a symplectic diffeomorphism, k can be arbitrary large, we have
Note p is Lipschitz, by the theorem of Rademacher ([R] ), p is differentiable almost everywhere in U . As γ is arbitrarily chosen, (4.2) holds for almost all q ∈ U . Consequently, there exists a C 
t, where we have used the fact that both the stable and the unstable manifolds coincide with each other atΓ. In this case we obtain from (4.5) that 
We have mentioned before that the Euler-Lagrange equation for L − η c is the same as that for L if η c is a closed 1-form. In local coordinates we can write η c = c(q),q . If we use H η c (p, q, t) to denote the Legendre transformation 
We know thatΓ is contained in some Aubry set A(c) = {B c = 0} where c = (c 1 , c 2 ) with a(c 1 ) ≤ c 2 ≤ b(c 1 ). From above arguments and the proposition 3.2 we can see that c 1 = c * 1 and α * = α(c).
To study the barrier function B * c , we consider the covering of T 2 given by T × R, letΓ k be the lift ofΓ which is close to T×{2kπ}×{p 1 = const., p 2 = 0}×T. Without lose of generality we single out one lift of the unstable manifold W u that extends from Γ 0 and keep horizontal over {(q, t) ∈ T 2 × T : q 2Γ (q 1 , t) ≤ q 2 ≤ 2π − a} and single out one lift of the stable manifold W s that extends fromΓ 1 and keep horizontal over
attains its minimum on the local horizontal stable (unstable) manifold, for q ∈ T × (a, 2π − a) we claim that there exists only one c-minimal orbit dγ 
Proof: Let us suppose the contrary. Then there would exist (u, v) ∈Ã 0 (c) and a forward c-semi-static curve γ + (t) with γ + (0) = u andγ + (0) = v. In this case, for any u 1 ∈ M 0 (c) there exist two sequences
where the last inequality follows from the facts thatγ + (0) = v and the minimizer must be a C 1 -curve. But this is absurd.
For the second step of the proof, we consider the problem in the covering space T × R and single out a lift of the stable (unstable) manifold of the invariant circle. The stable (unstable) manifold has two branches:
These two branches of the manifold joined together smoothly at the invariant torus. Let us consider the unstable manifold. There is a smooth function S There might be another possibility that the backward c-semi static orbits approachesΓ from the left hand side. Similarly, There existc 2 < 0 and a periodic functionq 2 =q 2 (q 1 , t) with |q 2 (q 1 , t) − a| very small such that
In this case, we can also extend S 
L(dγ
Since Φ is an area-preserving twist map when it is restricted on the cylinder, from the lemma 2.6 and the corollary 2.7 we see that L c is regular. Therefore, for any ε > 0, 0 ≤ s < 1, 0 ≤ t < 1 and q , q * ∈ M , there exists
Since M(c) is uniquely ergodic in this case, for any δ > 0, 0 ≤ t < 1, γ
It is easy to construct an absolutely continuous curve ζ:
attains its minimum at W s for each (q, t) ∈ U , it follows from the convexity of L inq and (4.7) that
It is easy to see that dγ s K i (t) keeps close to the branch of the stable manifold which corresponds to the cohomology class c = (c 1 , b(c 1 )) if K i is sufficiently large. Thus, we have
Therefore, we assert that for all q ∈ T × (a, 2π − a), q * ∈ π(Γ t (c)) and
(4.8)
In fact, we have seen that (4.8) holds for q * ∈ M t (c), q ∈ T×(a, 2π −a) or q ∈ π(Γ| s ). As there exists an invariant circle on which the rotation number is irrational, we see that B c (q) = P ω (q) ≡ 0 for all q ∈ π(Γ), thus d c (q, q * ) = 0 for all q * ∈ M(c) andq ∈ π(Γ), where ω = ∂ 1 α(c), P ω is the Peierl's barrier function. Consequently, we have h
,q). Therefore we obtain (4.8) for any q ∈ T×(a, 2π −a) and any q * ∈ π(Γ t ). As dS
, by adding a constant we can assume that S s (q + (0, 2π), t) = S u (q, t) if (q, t) ∈ π(Γ). Since the c-minimal measure is uniquely ergodic, we have the following
(4.9)
Proof: SinceM(c) is uniquely ergodic, by definition of B * c , the property S
Next, we consider the stable (unstable) manifold of all invariant circles. Different invariant circle determines different stable and unstable manifold, so we have a family of these manifolds. We claim that this family of stable (unstable) manifolds can be parameterized by some parameter σ so that both p 
This integration is in the sense that we pull it back to the standard cylinder by ψ • ψ 1 ∈ diff(Σ 0 , Σ) (cf. (3.1)). In this way we obtain an one-parameter family curves Γ: T×S → Σ in which S ⊂ [A , B ] is a closed set. Usually, S is a Cantor with positive Lebesgue measure, A and B correspond to the curves where the action p 1 ≤ A and p 1 ≥ B respectively. Clearly, for each σ ∈ S, there is only one c 1 = c 1 (σ) such that Γ σ =M 0 (c) for all c ∈ I(c 1 (σ)) as the rotation number is irrational. We can think Γ σ as a map to function space C 0 equipped with supremum norm Γ: S → C 0 (T, R),
Direct calculation shows
where C h is the Lipschitz constant for the twist map, it follows that To guarantee the Hölder continuity we choose η c = c(σ),q in above lemma.
5, Construction of connecting orbits
Throughout this section we shall make the following hypotheses, their verification shall be postponed to the section 6. Remark: By the choice of a, the set {B * c(σ) = 0} ∩ {a ≤ q 2 ≤ 2π − a} is not empty since dγ 2 can not cross the strip {a ≤ q 2 ≤ 2π −a} under one step of the map φ, there must be some points on time-1-section of the minimal orbits whose projection fall into the strip. By the definition of S, for each σ ∈ S,Ã 0 (c(σ)) contains an invariant circle on the cylinder. In this case we have an explicit expression of B * c (q) in the strip. The hypothesis (H1) implies the minimal critical point set of S s c(σ) − S u c(σ) consists of discrete points, and there must be some minimal points in the interior of this strip.
(H2):
If the rotation number of Γ is rational, then the associated c-minimal measure has its support only at a periodic orbit. The set of minimal homoclinic orbits in Σ to this periodic orbit is topologically trivial.
Before making the third hypothesis let us note that the union of all invariant circles on the cylinder forms a closed set. These circles do not intersect each other, so the complementary set consists of countably many invariant annulus. According to the study in the last section we know thatÑ 0 (c ) is homotopically trivial, but this does not guarantee that N 0 (c ) is also homotopically trivial on M , since the projection fromÑ (c ) → N (c ) is not necessarily injective. IfM(c ) is uniquely ergodic, thenÑ (c ) =Ã(c ). The Lipschitz property of A(c ) implies that N 0 (c ) is homotopically trivial in this case. Given arbitrary small d > 0, there are only finitely many invariant circles which are the boundary of some annulus with width not smaller than d. Actually, we require the third hypothesis only for these tori.
The first task in this section is to build a C-equivalent sequence {c
where c
1 ) and σ < σ * correspond to two invariant circles which make up the whole boundary of a gap. Thus a theorem of connecting C-equivalent Mañé sets is used to construct the diffusion orbits crossing this gap. This kind of theorem was discovered by Mather in [Ma4] where the proof was sketched. To make use of this theorem, we shall give a complete proof first. A theorem of connecting different G(c) was proved by Bernard recently ( [Be] ).
To any subset A of M we associate a subspace of H 1 (M, R) 
(5.2)
In [Be] R(c) is defined by using G(c) instead of using N (c).
We say a continuous curve Γ: (q, t) such that (q, t mod 1) ∈ U . The 1-form µ on M × R is called a U -step form if there is a closed formμ on M × T, also considered as a periodic 1-form on M × R, such that the restriction of µ to t ≤ 0 is 0, the restriction of µ to t ≥ 1 isμ, and such that the restriction of µ to the set U ∪ {t ≤ 0} ∪ {t ≥ 1} is closed. In the application in this paper,μ is chosen as a closed form on M . 
(t)] = Γ(t). There exists δ(t) > 0 such that Γ(s) − Γ(t) ∈ R(Γ(t)) and a U -step form µ(s) with [μ(s)] = Γ(s) − Γ(t) if s ∈ (t − δ, t + δ).
According to the upper semi-continuity (η, µ) →Ñ η,µ proved in the lemma 2.4, we can assume that
if we take suitably small δ(t). In this paper we use U + a to denote the set {x ∈ M : dist(x, U ) ≤ a}. Clearly, there is a finite increasing sequence {t i } 0≤i≤N such that 
Let us fix some 0 ≤ i ≤ N and consider the function h
Obviously, there are infinitely many T j ≥T i j (j = 0, 1) such that
, it follows from the lemma 2.3 that if * i > 0 is sufficiently small,T i j (j = 0, 1) are sufficiently large, and T 0 , T 1 are chosen so that (5.7) holds, then
From the Lipschitz property of h We are now ready to construct a connecting orbit joining N (c 0 ) and N (c N ). We consider τ i as the time translation (q, t) → (q, t + τ i ) on M × R, and define the modified LagrangianL
has a C 1 -minimizer γ (t, m, m , τ , T 0 , T N ) which is clearly the solution of the EulerLagrangian equation determined byL. We need to show it can be the extremal of L if we suitably choose τ , T 0 and T N . We define
and take the minimum of h (t, m, m , T 0 
In fact, let us to choose
is the minimizer of FL(m, m , T 0 , T N ), thus
So, we obtain (5.11) from (5.6∼8), (5.12) and the choice ofT i j as well asT i j (j = 0, 1). We define the infimum limit of FL (m, m , T 0 
Let Λ N be the set of 2N dimensional integer vectors defined in the same way as for Λ with the subscripts ranging over (−N,
With the same arguments above, we can make 
Consider a bi-infinite sequence (· · · , c i , · · · ) of C-equivalent cohomology classes and a sequence (· · · , ε i , · · · ) of small positive numbers. Then there is a trajectory of the Euler-Lagrange flow of L which passes within a distances of ε i of eachÃ(c i ) in turn.
The next step is to establish C-equivalence among some Mañé sets of the special L given by (2.2). Let us consider the first de Rham cohomology class c ∈ H 1 (M, R) such that the support of c-minimal measure uniquely sits onΓ ⊂Σ. First, we consider the case that Γ is a Denjoy set and there is no invariant circle containing Γ. The rotation number of Γ is irrational. By the well-known knowledge we see that the β-function for the twist map is differentiable at the point of irrational number, it implies that there is only one c 1 such thatΓ is the support of c-minimal measure if c ∈ intI(c 1 ). We see from the lemma 3.4 thatÑ (c) =M(c) when a(c 1 ) < c 2 < b(c 1 ). By the upper semi-continuity of c →Ñ (c) we find that there exists δ > 0, if
Next, let us consider the case when Γ consists of single periodic orbit. Since the β-function of the twist map has a corner at the rational rotation number, there is a flat piece of the α-function of the twist map, over the interval [c 
in whichc andc ∈ J are defined in the wayc 2 =c 2 > b(c 1 ) orc 2 =c 2 < a(c 1 ), c 1 = c 1 andc 1 = c 1 , both N t (c) and N t (c ) are homotopically trivial.
Lemma 5.2. We assume the hypotheses (H1∼3). Letĉ = (c 1 (σ ), 0) andc = (c 1 (σ * ), 0) be two co-homology classes such thatÑ 0 (ĉ) andÑ 0 (c) make up the whole boundary of some given gap with σ < σ * . Thenĉ andc are C-equivalent.
Proof: By assumption, there is no other invariant circle between N 0 (ĉ) and N 0 (c). In this case, we have shown that for any
Obviously, the C-equivalence has transitivity. This C-equivalence establishes the existence of the diffusion orbits crossing gaps as we have the theorem 5.1.
To go further, we need to know more details of U -step forms. Let η j be any given closed 1-form such that [η j ] = c (j) for j = 1, k. A natural question is whether there exists such kind of µ(t) so that µ(t) = η 1 for t ≤ 0 and µ(t) = η k for t ≥ τ k + 1 even though c (1) is equivalent to c (k) ? In general, we do not know whether it is true or not, but in our case, the answer is yes.
2 ) be two cohomology classes connected by an admissible curve Γ, where a(c
. Then there exists a composition of finite U -step forms µ(t) such that µ(t) = η 1 for t ≤ 0 and µ(t) = η k for t ≥ τ k + 1.
Proof. Since Φ is an area-preserving twist map when it is restricted on the cylinder, by the hypothesis (H2), there is some c with c
1 , c 2 = 0 such that its semi-static minimal orbit set consists of single m-periodic orbit with m > 1. Thus, for each s ∈ T, N s consists of several points, N s (c) = ∪{q i (s)}. Consequently, there exist δ > 0, and 0 < s 1 < s 2 < 1 such that
There also exists > 0 such that 0 < s 1 − < s 1 + < s 2 − < s 2 + < 1 and
Let η be an any exact 1-form, we claim there exists a U -step form ν such that ν(t) = 0 for t ≤ 0 and ν(t) = η for t ≥ 1, where U is a neighborhood of N (c) =
The remaining work in this section is to join the orbit crossing the gaps smoothly with the orbit constructed via Arnold's mechanism. We shall make use of some ideas developed in [Bs] and in [BCV] , it is showed that the diffusion orbits in several examples, constructed by transition chains, are actually the orbits which locally minimize the Lagrange action.
Let us consider the barrier function of those cohomology classes corresponding to an invariant circle Γ c on the cylinder. In this case,
(5.14)
Under the hypothesis (H1), the set {B *
is totally disconnected for all σ ∈ S. Thus, for any given σ ∈ S and any > 0, there are finite and mutual disjoint balls B (q i ) and
In other words, as a function of q. B * c(σ) reaches its minimum in {a ≤ q 2 ≤ 2π − a} away from the boundary
(5.15)
Recall for each z ∈ T, there is unique z σ ∈ π(Γ σ ) such that z σ = (z, q 2Γ σ (z)). From (5.14), (5.15) and the Hölder continuity guaranteed by Lemma 4.4 we find that for 16) provided that σ is sufficiently close to σ. As these functions depend on the choice of closed 1-form η c , to obtain (5.16) we choose
is also the function of z, but its variation over z ∈ T is very small if σ is sufficiently close to σ, becasue q 2Γ σ (z) has 1 2 -Hölder continuity in σ. Since S is compact, there exist δ = δ( ) and 1 = 1 ( , δ), independent of σ, such that (5.15) and (5.16) hold if |σ − σ | ≤ 1 .
We say σ j is linked with σ j+1 by transition torus with some persistency if σ j+1 ∈ S is so close to σ j such that Let us consider a sequence of invariant circles Γ i (i = 0, 1, · · · , , + 1) on the cylinder Σ such that Γ 1 is linked with Γ through the transition chain Γ 2 , · · · , Γ −1 , and there are two annuli of Birkhoff instability, one has Γ 0 and Γ 1 as its boundary, another one has Γ and Γ +1 as its boundary. By the construction of this transition chain we know that for each 1 ≤ i < there is
As in [BCV] , let us consider the covering of T 2 given byM = T × R. For each x i we identify it with its lift in the region T × (0, 2π) and single out a point on its lift,x i = x i + (0, 2iπ), we also identify each z i with its lift z i + (0, 2iπ). For i ∈ (1, 2, . . . , − 1) we introduce a smooth function Ψ i : T × R → R which vanishes outside {q : |q −x i | ≤ 2 } and such that
If we setc
Note Ψ i+1 (q) = 0 as q ∈ B (q i ). If we require further that σ i+1 is so close to σ i that (5.17) holds, we obtain from (5.16i) and (5.18) that
and define
We see that h, as the function of Q, takes its local minimum in the interior of B if n i+1 − n i is sufficiently large for all 1 ≤ i ≤ − 1. In fact, let x * i be the point where the function of q h
takes its local minimum at the point (x * 1 , x * 2 , . . . , x * −1 ) which is obviously in the interior of B. Thus, the local minimum of h is in the interior of B if the following holds 
where n = n 1 + n 2 with n 1 , n 2 ≥ K. Using the Lipschitz property of h Once γ(t) reaches its local minimum in the interior of B, standard argument shows that In fact, we can remove the restriction on z 1 and z that there is z ∈ T so that z j = (z, q 2Γ j (z)) for j = 1, . We can replace z j by any point z * and c (i+1) has been established for i = 0, , in analogy to the proof of Theorem 5.1 we can find the composition of finite U -step forms ν j
− c ( ) , where τ j i is the time translation
. Moreover, by the lemma 5.3, we can choose those ν j such that 
We define the index set for τ
and introduce a modified Lagrangian depending on the parameters τ j (j = 1, 2) and nL
where j is a smooth function such that j (t) = 0 for t ≤ 1 2 (n j+1 + n j ), 0 < j < 1 when 1 2 (n j+1 + n j ) < t < 1 2 (n j+1 + n j ) + 1 and j = 1 when t ≥ 1 2 (n j+1 + n j ) + 1, this function is well defined if n j − n j−1 ≥ 4. Clearly,L is smooth in
where
+ 1 and T 0 , T +1 > 0. In virtue of the lemma 5.4, we can take sufficiently large n 1 so that any c(σ 1 )-minimal curve
Similarly, we can take sufficiently large ∆n so that any c(σ )-minimal curve γ :
We can also take suitable large n i (i = 2, 3, · · · , − 1) so that n i+1 − n i ≥ ∆n i for each 1 ≤ i ≤ − 1. Under these conditions we take the minimum of h
, n). Recall the support of Ψ i is a small ball. For each cohomology class under our consideration here, the support of the minimal measure is on the cylinder, the hyperbolicity of the cylinder let us see that γ(t) is outside of the support of ∇Ψ i if both t−n i and n i+1 −t are suitably large, in other words, for t ∈ [ 
Denote by τ j *
, n * 1 and n * where the the minimum is reached. Let γ(t) = γ(t, m, m , T 0 , T +1 ) be the minimizer of h
+ 1 + n . From the proof of Theorem 5.1 we can see that (5.6ij), (5.7ij) and (5.8ij) hold for (−τ ij ) * γ at j = 1, 2, 0 ≤ i ≤ N j except for (i, j) = (0, 1), (N 2 , 2).
As the third step we consider the limit infimum
and let The construction of diffusion orbits can be done in the same way when there are finitely many resonant gaps.
6, Generic property
The construction of diffusion orbits is under the hypotheses (H1), (H2) and (H3). The task here is to show these hypotheses are dense properties in C r -topology for r ≥ 3. Since we are interested in the diffusion from {p 1 < A} to {p 1 > B}, a compact domain for { p ≤ K}×T Since the system is positive definite in p, it has a generating function G(q, q )
(see (2.6)) (6.3)
As the system is nearly integrable, the matrix ∂ 2G is non-degenerate everywhere. Thus we can solve the second equation in (6.2) and obtain somehow more explicit form of the map (6.2)
We choose sufficiently large K so that { p ≤ max(|A|, |B|) + 1} is contained in the set where |q − q | ≤ K. In this set the map will have the form 
Let us consider the problem in the covering space T × R and assume one lift of the unstable manifold starting from q 2 = 0 to the right, one lift of the stable manifold starting from q 2 = 2π to the left. From (6.5) we can see that the local stable manifold is not deformed
It is easy to see that the barrier function has the form:
We should note the total action of the minimal orbit may be changed because of the perturbation, in other words, the associated cohomology class may be subjected to a small perturbation (c 1 ,
We say a connected set V is non-trivial for
Our first task is to show for each generating function
), the image of S σ from [A , B ] to F has no intersection with the set Z i .
Obviously, the set Z 1 is a closed set and has infinite co-dimensions in the following sense, there exists N, an infinite dimension subspace of F, such that (S + F ) / ∈ Z for all S ∈ Z 1 and F ∈ N\{0}. In fact, for each non constant function Proof: The open property is obvious. If there were no density property, there would be n-dimensional ε-ball B ε ⊂ N for some ε > 0, such that for each F ∈ B ε , there exists S ∈ F σ such that F + S ∈ Z 1 or F + S ∈ Z 2 . For each S ∈ F σ there is at most one F ∈ B ε so that S + F ∈ Z 1 , for, otherwise, there would be F = F such that F + S ∈ Z 1 , but we can write F + S = F − F + F + S where F + S ∈ Z 1 and F − F ∈ N\{0}, it contradicts to the definition of N. Given F ∈ B ε , there might be more than one element in S F = S F = {S ∈ F σ : S + F ∈ Z 1 }. Given any two F 1 , F 2 ∈ B ε , for any S 1 ∈ S F 1 and any S 2 ∈ S F 2 , we have 
where by abuse of terminology we continue to denote S σ and its restriction R d (q * ) by the same symbol. By the choice of perturbation, there is a simply connected and compact domain D K such that Ψ s | T * M \D K = id. It follows that there is a Hamiltonian H 1 (p, q, s) such that dH 1 (Y ) = dp ∧ dq(X s , Y ) holds for any vector field Y . Re-parametrizing s by t we can make H 1 smoothly and periodically depend on t. To see that dH 1 is also small, let us make use of a theorem of Weistain [W] . A neighborhood of the identity in the symplectic diffeomorphism group of a compact symplectic manifold M can be identified with a neighborhood of the zero in the vector space of closed 1-forms on M. Since Hamiltomorphism is a subgroup of symplectic diffeomorphism, there is a function H , sufficiently close to H, such that Φ
Thus the density of (H1) is proved.
For the hypothesis (H2) let us consider the twist map on the cylinder. In this case, each co-homology class corresponds to a unique rotation number. Given any rational number p/q ∈ Q, it is obvious that there is a open dense set in the space of area-preserving twist map such that there is only one minimal (p, q)-periodic orbit without homoclinic loop. Take the intersection of countably open dense set we obtain that (H2) is a generic property. Note the perturbation we introduced for (H1) has compact support which has no intersection with the cylinder, the perturbation we introduced for (H3) does not touch the set {B * c(σ) = 0} for all σ ∈ S, there is a dense set for P such that (H1), (H2) and (H3) hold. Thus we obtain the density of the perturbation. Since the time for each orbit drifts from p 1 < A to p 1 > B is finite, the smooth dependence of solutions of ODE's on parameter guarantees the openness.
Therefore, the proof of the theorem 1.1 is completed.
Appendix
In this appendix we present the proof of the lemma 2.6, given by Bernard in [Be] , for the completeness sake. Proof: As the first step we show that the following limit exists for all (x, t) ∈ M × T: By the condition, we can suppose these n-periodic curves γ n are minimizers, their nperiodic orbits X n (t) = (dγ n (t), t) is a compact subset of T M × T. Each subsequence of X n has a convergent subsequence in the sense of Hausdorff topology. The limit set of such a sequence is obviously an invariant subset ofM(c). SinceM(c) is minimal, this limit set has to beM(c) itself. Therefore, the sequence of subsets X n converges toM(c) in the Hausdorff topology. It follows that each point (x, s) ∈M(c) is the limit of a sequence (γ(t n ), s) with t n = s mod 1 for each n. As F c is of Lipschitz we have lim sup n→∞ F c (x, x, t, t + n) = lim sup n→∞ F c (γ n (t n ), γ n (t n ), t, t + n)
which implies (A.1).
Next, we claim that (A.1) implies that L−η c is regular, i.e. for any (x, s), (x , s ) ∈ M × T, > 0, there exists T such that F c (x, x , t, t ) ≤ h c (x, x , t, t ) + if t and t satisfy t = s mod 1, t = s mod 1 and t ≥ t + T . Indeed, let K be the common Lipschitz constant of all functions F c (·, ·, t, t ) with t ≥ t + 1, let t 0 = s mod 1, t 0 = s mod 1, let γ: [t 0 , t 0 ] → M be a minimizer with γ(t 0 ) = x and γ(t 0 ) = x , i.e. A c (γ) = F c (x, x , t 0 , t 0 ). We can make t 0 − t 0 is sufficiently large so that ∃ t 1 ∈ By the choice of t and t we know that ∃ n ∈ N such that t − t = t 0 − t 0 + n, so we have
≤F c (x, y, t 0 , t 1 ) + F c (y, y, t 1 , t 1 + n)
+ F c (y, x , t 1 + n, t 0 + n).
Let n → ∞, thanks to (A.1), we obtain lim sup F c (x, x , t, t ) ≤ h c (x, x , s, s ) + .
As this holds for arbitrary > 0, we see that L is regular.
As the third step, we claim that L is regular implies thatG =Ñ . Let γ ∈ C 1 (R, M ) be a minimizing curve, let t k → −∞ be a sequence such that s = t k mod 1 for all k ∈ Z and such that α = lim γ(t k ), let t k → ∞ be a sequence such that s = t k mod 1 and such that ω = lim γ(t k ). In this case
Let us consider a compact interval of times [a, b] , where s = a mod 1 and s = b mod 1. For k sufficiently large we have A c (γ| [a,b] A(γ| [a,b] ) ≤ Φ c (γ(a), γ(b), s, s ), hence γ is semi-static. It has been shown in [Ma4] thatÑ (c) =Ã(c).
